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1 Introduction 



There are various motivations to study 2d gravitational theories and their 
black hole solutions (see [Q, H H, d, H and references therein). First of all, it is 
often easier to study 2d models at least as useful laboratories. Second, start- 
ing from 4d Einstein-Maxwell-scalar theory and applying spherically sym- 
metric reduction anzats ||, one is left with specific dilatonic gravity with 
dilaton coupled matter. Hence, in such case 2d gravity with dilaton cou- 
pled matter may describe the radial modes of the extremal dilatonic black 
holes in four dimensions @. Similarly, dilaton coupled matter action ap- 
pears in string inspired models. Recently, dilaton dependent trace anomaly 
and induced effective action for dilaton coupled scalars have been studied in 
refs.[|], H, ITOfl . That opens new possibilities in the study of black holes with 



back-reaction of quantum matter 0. 

It could be extremely interesting to present supersymmetric generaliza- 
tion of the results M, ^, [TO] . Above motivations are still valid in this case. 
Indeed, let us consider the spherical reduction of N = 1, d — 4 supergravity 
theory to d = 2 theory. In order to realize the spherical reduction, we assume 
that the metric has the following form: 

ds 2 = g^ydx^dx v 

^=0,1,2,3 

= E 9mn(t, r)dx m dx n + e m ' r) [dQ 2 + sin 2 0<hp 2 ) . (1) 

m,n=t,r 

The metric (JJ) can be realized by choosing the vierbein fields e° as follows 

p° - p 3 - p l - p 2 - 

4 = e*, ej = sin0e*, e\ = e 2 = . (2) 

The expression (|^) is unique up to local Lorentz transformation. The local 
supersymmetry transformation for the vierbein field with the papameter ( 
and C is given by, 

^ = ^(v fl C-(^) ■ (3) 

Here ip^ is Rarita-Schwinger field (gravitino) and we follow the standard 



notations of ref. JTTJ (see also [12|. If we require that the metric has the form 
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of (|1]) after the local supersymmetry transformation, i.e., 

8gte = 5g re = Sg ttp = Sg r(p = 5g 9ip = , 

5g w = sin OS gee , (4) 

we obtain, up to local Lorentz transformation, 

Ci = C 1 , C 2 = C 2 , (5) 

rj) v x = sin Oipei , = sin Oipl , 
i) v2 = - sin 6^02 , = ~ sin 0$ , 
¥e = -ipei , $1 = -ipe2 , 

Ai ~ ¥ r = -2e-*e*Vta , ~ $\ = -2e-^e t 3 ^ 2 , 

Vv 2 - = -2e-^e^ ei , Vta - $ = -2e-*ety*i ■ (6) 

Eq.@ tells that the local supersymmetry of the spherically reduced theory 
is iV = 1, which should be compared with the torus compactified case, where 
the supersymmetry becomes N = 2. Let the independent degrees of freedom 
of the Rarita-Schwinger fields be 

2lpl = 1p rl + , 2^1 = 1p r2 + $ , 

2^=^+$ , 2tf = ip t2 + $ , (7) 
Xi = ipei , X2 = ip82 , (8) 

then we can regard ipt,r and x to be the gravitino and the dilatino in the 
spherically reduced theory. 

If we coupled the massless matter multiplet, the action of the spherically 
reduced theory is given by 

S = — I d 4 xd e S (VV - 8R) $J$; 

~ 4vr J drdty/geW^-dpAi&Ai - ~ [Xi^V^ + Xi^^Xi] 

+ •••). (9) 

Here ■ • • denotes the terms containing the Rarita-Schwinger fields and di- 
latino. Note that in the spherically reduced theory, the dilaton filed (f) cou- 
ples with the matter fields. Therefore if we like to investigate 2d dilaton 
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supergravity as the spherically reduced theory, we need to couple the dilaton 
field to the matter multiplet. 

The present work is organised as following. Next section is devoted to 
the construction of the Lagrangian for 2d dilatonic supergravity with dila- 
ton coupled matter and dilaton supermultiplets. Dilaton dependent trace 
anomaly and induced effective action (as well as large- N effective action for 
quantum dilatonic supergravity) for matter multiplet are found in section 
3. Black holes solutions and their properties are discussed for some specific 
models in section 4. Some conclusions are presented in final section. 



2 The action of 2d dilatonic supergravity 
with matter 

In the present section we are going to construct the action of 2d dilatonic 
supergravity with dilaton supermultiplet and with matter supermultiplet. 
The final result is given in superfields as well as in components. 

In order to construct the Lagrangian of two-dimensional dilatonic super- 



gravity, we use the component formulation of ref. |L3|]. The conventions and 
notations are given as following: 



signature 



gamma matrices 




charge conjugation matrix C 



Here the index T means transverse. 



(10) 



7 7 = o 75, 
1 i 

(Tab = ^[7a,7fe] = 2 6 ^5 • (H) 



ClaC-' = — 7<f , 

c = cr 1 = -c T , 
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Major ana spinor 

^ = ip c = Cip T . (13) 



Levi-Civita tensor 



,12 _ _ i ,a& _ 6a 

e — ei2 — i , e — — e , e a b — — e^ a , 



ee^ b e ab e, u = e" 1 e*e b u e ab . (14) 



In this paper, all the scalar fields are real and all the spinor fields are Majo- 
rana spinors. 

We introduce dilaton multiplet $ = (0, x> F) an d matter multiplet 
Sj = (a,i,Xi)Gi)) which has the conformal weight A = 0, and the curvature 
multiplet Vm 

w = (s, r 1) s 2 -\r- ^vvv + . (15) 

Here R is the scalar curvature and 



V ) 

1 



00 



The curvature multiplet has the conformal weight A = 1. 

Then the general action of 2d dilatonic supergravity is given in terms of 
general functions of the dilaton C((j>), Z((f>), /(</>) and V{<pp as follows 



£ = - [C($) g, iy] 



mv 



3 The definition of the scalar curvature i? is different from that of Ref. ]l3| R HUY by 
sign 

R = -R HUY . 



4 The multiplet containing C(<f>), for example, is given by (C(<f)),C'(4>)x,C'(<f))F 

\c"mx). 



5 



1 



+- [$ ® $ ® T P (Z($))] inv - [Z(<t>) ® $ ® T P ($)] inv 



2 

AT 



+ £ [E, ® ® T P (/(*))] inv - [/(<£>) ® E, ® T P (S l )] inv 
i=i LZ 

+ ^($)] in v - 

[C(<&) ® W]inv 

= e [C(0) - ±i2 - ^VVv) + C\4>){FS - xv) 
-\c"{4>)xxs + \^(vC(<j>) + *SC"(0) + ^C(4)S^^ V 

[$®$®Tp(Z($))] h 



Jmv 

e [(V(0)F - ±Z"(4>)xx) (20^ - XX) + ^(Z^)) - 2<j>xp (Z'(<f>) X ) 



+ 2 



^-f [2 X {z\<t>)F - \z"{$)xx) <f> + P (^'(0)X)0 2 } 

+1 (V( 0)F _ iz"(cf>)xx) <t> 2 ^^ , 
[Z($)®$®T P ($)] inv 
= e[z'(0)(F 2 0-XX^-0X^x) 

~Z'\<f>)xx<f>F + - X^X + F 2 ) 

+i^7 M {^X^(0)0 + x(^(0) + Z'(<f>)<f>)F} + 
[/($)(g)E i ®Tp(E i )] inv 
= e[/ , (0)(Fa,G l - X6^ - a iX |>6) 

-\f'\<l>)xX<HGi + /(^(a^a, - + Gf) 

+\^l tl {PU{<t>)a i + (6/(0) + xf'ttMGi} + ^Z^G^cr^ 
[E,®E,®Tp(/($))] inv 

f (0)F - I/" (0)Xx) (2a,G, - 66) + - 2a&p (f (0) X ) 

+i^7 M {26(/ , (0)i ? - \f"{4>)xx)i + W(0)xK 
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[V(m 



mv 



V'{<j>)F - \v'\<P)xx + \^xV\<t>) 
+ ( \%^ v + 1/(0) 



(18) 



The covariant derivatives for the multiplet Z = (ip, (, H) with A = are 
defined as 



(19) 



□V = e- 1 \d„{eg^D^) + ~ \VD£ ~ \rY^D^ 

Tp{Z) is called the kinetic multiplet for the multiplet Z = (ip, (, H) and when 
the multiplet Z has the comformal weight A = 0, Tp{Z) has the following 
form 

T P (Z) = (H,p{,n<p) . (20) 

The kinetic multiplet T P (Z) has conformal weight A = 1. The product of 
two multiplets Zk = ((fik, (k, Hk) (k = 1, 2) with the conformal weight A& is 
defined by 



Z 1 <g> Z 2 = (v?iv?2, ¥1(2 + ¥2(1, <-PiH 2 + y?2#i - C1C2) 
The invariant Lagrangian [^]j nv for multiplet Z is defined by 

t-^linv = 
In superconformal gauge 

el = e% (e = e>) , ^ = 7^ (4 = -fa) 

we find 



(21) 



(22) 



(23) 
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eR = -2d^p , 



(24) 



Hence, we constructed the classical action for 2d dilatonic supergravity 
with dilaton and matter supermultiplets. 



3 Effective action in large-TV approach on 
bosonic background 

Our purpose in this section will be the study of trace anomaly and effective 
action in large- N approximation for the 2d dilatonic supergravity discussed 
in previous section. We consider only bosonic background below as it will be 
sufficient for our purposes (study of black hole type solutions). 

On the bosonic background where dilatino x an d the Rarita-Schwinger 
fields vanish, one can show that the gravity and dilaton part of the Lagrangian 
have the following form: 



[cm ® w] inv 

-c(<f>) (s 2 + \r 



C'{<f>)FS 



[$®$®T P (Z($))] inv 

= e[0 2 n(Z(0)) + 2Z'(0)0F 2 ] , 

[Z($)®$®T P ($)] inv 

= e [Z{(f>)(f>0(j> + Z\<p)<j)F 2 + Z(<P)F 7 

= e[V\<P)F + SVm . 
For matter part we obtain 

[/($)®E i ®T P (E i )] inv 



(25) 
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[E i( g)E,®Tp(/($))] 



inv 



a 2 i n{f( ( j ) )) + 2f\<P)Fa l G l 



(26) 



Here the covariant derivatives for the multiplet (<p, £, H) with A = are 
reduced to 

D^ip = dfj,<fi , 



+ -uyy 5 ) C 



(27) 



Using equations of motion with respect to the auxilliary fields S, F, Gi, on 
the bosonic background one can show that 



S 

F 

G, 



C{(t>)V'{4>) - 2V{4>)Z{4>) 

C>\<P)+AC(<P)Z(<P) 
C"(0)F(0) + 2C(0)H0) 



C" 2 (0)+4C(0)Z(0) 



. 



(28) 



We will be interested in the supersymmetric extension |L4[ of the CGHS 
model |IJ as in specifical example for study of black holes and Hawking 
radiation. For such a model 



C(<P) = 2e~ 2 * , Z(<P) = 4e" 



2,p 



V((f>) = 4e 



-20 



we find 



S = , F = -A , Gi = . 
Using (|26|), we can show that 

N 



(29) 
(30) 



iV r l i 

£ [- ^ ® ® T P (/($))] inv - [/($) ® ® Tp(S 4 )] inv ) 



A' 



total divergence terms 



(31) 
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Here we have used the fact that 



Zast = o (32) 

for the Majorana spinor £j. 

Let us start now the investigation of effective action in above theory. It 
is clearly seen that theory fl3l"D is conformally invaiant on the gravitational 
background under discussion. Then using standard methods, we can prove 
that theory with matter multiplet Ej is superconformally invariant theory. 
First of all, one can find trace anomaly T for the theory ([H]) on gravitational 
background using the following relation 



div 

n — 2 



l — J d 2 x^b 2 , T = b 2 (33) 



where b 2 is b 2 coefficient of Schwinger-De Witt expansion and Ydi V is one- 
loop effective action. The calculation of Ydi V ( p3|) for quantum theory with 
Lagrangian ( ffT| ) has been done some time ago in ref.||. Using results of this 
work, we find 



T = 7^z^^-3iV(^-^Vv A </»)(V; 




(34) 

It is remarkable that Majorana spinors do not give the contribution to the 
dilaton dependent terms in trace anomaly as it was shown in M. They 
only alter the coefficient of curvature term in T (0). Hence, except the 
coefficient of curvature term in T (0), the trace anomaly (|33]) coincides with 
the correspondent expression for dilaton coupled scalar ||. Note also that 
for particular case /(</>) = e _2< ^ the trace anomaly for dilaton coupled scalar 
has been recently calculated in refs. JK| . 



Making now the conformal transformation of the metric g^ v —>■ e 2a g^ v in 
the trace anomaly, and using relation: 

T^fwM (35) 
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one can find anomaly induced action W[er]. In the covariant, non-local form 
it may be found as following: 



W 



N 



R—R - 



32vr A 



JLL 

167T / : 



l2 



-V>V; 



1 



R 



N 
8^ 



In fR 



(36) 



Hence, we got the anomaly induced effective action for dilaton coupled matter 
multiplet in the external dilaton-gravitational background. We should note 
that the same action W ( |3~6"D gives the one-loop large- N effective action in 
the quantum theory of supergravity with matter ([OJ) (i.e., when all fields are 
quantized). 

We can now rewrite W in a supersymmetric way. In order to write down 
the effective action expressing the trace anomaly, we need the supersymmetric 
extention of j^R. The extension is given by using the inverse kinetic multiplet 
in |15| , or equivalently by introducing two auxiliary field = (t,9,T) and 
T = (u, v, U). We can now construct the following action 

[0 (8 (T P (T) - W)] iny . (37) 

The ©-equation of motion tells that, in the superconformal gauge (E3f) 



Then we find 



P 



V 



(38) 



^R-R ~A[W® T] inv 



+2 



$ ® T P 

f ,2 m K 



T 



mv 



T P ($) 



v ^ln/(0)i?~2[ln/($)®H/] inv 



J mv 



In components, 

[6 ® (T P (T) - WOlinv 



(39) 
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= e 



1 



+I^ 7 "{(|> U - V)t + 6(U-S)} + h(U - S)%^ v 
4 [W ® T] inv 

= 4e [u - ^ W + + ^ - ^ 



(40) 



(41) 



$ <g) $ ® Tp 



/ 2 ($) 



T 



J mv 



= e 



2 D(u/i' 2 (0)) 
+ (20F-x X ){// 2 (0)f/ 

+42/i'(0)/i"(0)F - {h"\<P) + ti{<P)ti"{<P))xx}} 
-20 X P(h' 2 ^)v + 2uh\ ( p)ti\ ( p)x) 
+ ^Y({P(h' 2 (<j>)v + 2 M / i '(0)//'(0) X )}0 2 

+2x<p{ti\<P)U + u{2h'(<f>)h"(cf>)F - (h" 2 ^) + h'iW'mxx}}) 
+^{h> 2 (<f>)U 

+u{2h\4>)h"{ ( t>)F - (//' 2 (0) + h'{<l>)ti"{<l>))xx}}^^ 

7 ,2 ($) 



(42) 



[f 2 m 



T <g> $ <g> T P ($) 



mv 



w/i ,2 (0)0D0 



+f{0(/i ,2 (0)[7 + u{2h'((f))h"((f))F 

-{h" 2 ^) + h\<P)h"\<P))xx} ~ 2h'{<P)h"{<P)xv) 
+uh' 2 ( ( j ) )F - x(vh' 2 (<P) + 2x^(0)^(0))} 

-( M // 2 (0)x + 0// 2 (0)t; + 2^/i'(0)/i // (0)x)|)x 

+^7 M {x«^' 2 (0)0 + (Xuti 2 ^) + W>/* /2 (0) + 2xu<t>ti{<t>)ti'{<t>))F} 
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(43) 



[ln/($)®W] inv 

s 2 + 1 -r- -^vv 



+ h '{4>){FS-xri)--h"{<j ) )xxS 



Here 



/i(0)=ln/(0) . 



(44) 



(45) 



That finishes the construction of large-iV super symmetric anomaly in- 
duced effective action for 2d dilatonic supergravity with matter. 

At the end of the present section, we will find the one-loop effective action 
(its divergent part) for the whole quantum theory ([25|), (p6| ) on the bosonic 
background under discussion. Using Eqs. (^5|), (|26|) , one can write the 
complete Lagrangian as following: 



- X L 



1 ~ 



N 

-f(<f>) E ((v^xv^) + irfd^ 



where 



- V 

c 

2Z 



i=l 



-CS 2 - C'FS + 2Z'<j)F 2 + Z'<j)F 2 
+V'F + SV , 

c 

2 ' 

30Z' + Z 



(46) 



ZF 2 



(47) 



where auxilliary fields equations of motion which lead to ( p8|) should be used. 

The calculation of the one-loop effective action for the theory ( f46|) has 
been given in ref.pl in the harmonic gauge with the following result 



div 



4vr(n - 2) 



12 C C 
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Nf ' 2 + if) ( VA *)( V ^) < 48 ) 



AC 4C a 



i=i 



Thus, we found the one-loop effective action for dilatonic supergravity with 
matter on bosonic background. Of course, the contribution of fermionic 
superpartners is missing there. However, Eq.(^) gives also the divergent one- 
loop effective action in large- N approximation (one should keep only terms 
with multiplier N). This effective action may be used also for construction 
of renormalization group improved effective Lagrangians and study of their 
properties like BH solutions in ref.]16 . 



4 Black holes in supersymmetric extension 
of CGHS model with matter back reaction 

In the present section we discuss the particular 2d dilatonic supergravity 
model which represents the supersymmetric extension of CGHS model. Note 
that as a matter we use dilaton coupled matter supermultiplet. We would 
like to estimate back-reaction of such matter supermultiplet to black holes 
and Hawking radiation working in large-iV approximation. Since we are 
interesting in the vacuum (black hole) solution, we consider the background 
where matter fields, the Rarita-Schwinger field and dilatino vanish. 

In the superconformal gauge the equations of motion can be obtained by 
the variation over 5' ±± , g ±T and <j) 

= T ±± 

= e- 2 *(4d ± pd ± <P-2(d ± <P) 2 ) 

+y (dip - d±pd±p) 

+f Ud ± h{<j>)d ± h{<j>))p+ ^ («9 ± M0)<9 T M0))} 
+f {-2<9 ± p«9 ± M0) + dlh{4>)} + ^(x*) 
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= T ±T 

= e" 20 (2<9+<9_0 - 49+0<9_0 - \ 2 e 2p ) 

-jd + d^p - ^d + h(<f>)d_h(<f>) - jd + d_h(<f>) 



--^'(0) 2 F 2 + (-US + -(-h^S 2 + h'MFS)) ^ , (50) 
= e^(-49 + 9_0 + 49 + 09_0 + 29+a_p + A 2 e 2p ) 

~T~ [h d+{pd - km + ^ 9 -(^+M^)) " . (51) 

Here t ± (x ± ) is a function which is determined by the boundary condition. 
Note that there is, in general, a contribution from the auxilliary fields to T± T 
besides the contribution from the trace anomaly. 

In large- N limit, where classical part can be ignored, field equations be- 
come simpler 

o = ir±± 



N 

= I (d 2 ± P - d ±P d ±P ) 



+^|(9 ± M0)9 ± M0))p + ^(9 ± M0)W))} 

+ 1 [-2d ±P d ± h{<j>) + d|M0)} + t ± (a; ± ) , (52) 

= h T * 

= -\d+d.p-±d + h(<l>)dj-±d + d-h(<l>) (53) 

= ±d + (pd-h(<l>)) + ±d-(j0 + h(<l>))-±d + d-p. (54) 

Here we used the 0-equation and the equations for the auxilliary fields S 
and F, i.e., 

U = S , u = p = — — i2 , S* = F = . (55) 
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The function t (x ) in (|52| ) can be absorbed into the choice of the coordinate 
and we can choose 

t±(a;±) = . (56) 
Combining (153) and (E3T) , we obtain 



- i(9 ±P ) 2 + ip(9 ± / i (0)) 2 - ^±^0) = (57) 



i.e., 



d ± h{4>) = l -±^±?d ± p or 1 ~ £±* d ± p . (58) 
P P 



This tells that 



^(0) = / dp i±^ni . (59) 



Substituting (|59"D into (|54]), we obtain 

d + d_{(l+p)t} =0 (60) 

i.e., 

p = -l + (p + (a; + )+p-(x-)) 3 . (61) 

Here p^ is an arbitrary function of x^ = t ± x. We can straightforwardly 
confirm that the solutions (|59|) and (|B~l] ) satisfy ([53]). The scalar curvature is 
given by 

R = 8e- 2p d+d-p 

- 2 t-i+(p+( X +)+ P -(x-))H 

= -4- _p+'( a; +)p- / ( ;r -) . (62) 

(p+(x+)+p-(x-))3 

Note that when p + (x + ) + p _ (x~) = 0, there is a curvature singularity. Es- 
pecially if we choose 

P + (* + ) = ^, ?"(*-) = (63) 

there are curvature singularities at a; + x~ = Tq and horizon at x + = or 
x _ = 0. Hence we got black hole solution in the model under discussion. 
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The asymptotic flat regions are given by x + — > +00 < 0) or x~ — > —00 
(x + > 0). Therefore we can regard x ± as corresponding to the Kruskal 
coordinates in 4 dimensions. 

We now consider the Hawking radiation. The quantum part of the energy 
momentum tensor for the generalized dilatonic supergravity is given by 



+f Ud ± h{4>)d ± h{<t>)) P + \j± {d ± h{4>)d^h{<t>))} 

+j{-2d ± pd ± h((j>) + dlh( ( j ) )} 

+ ^( h> ^) 2 F 2 )+t(x±), (64) 

n T = -jd+d-p-^d+hffld-hw-jd+d-hw 

-^'(0) 2 F 2 + (?LuS + j {-h^S 2 + h'fflFS)} e 2 ' . (65) 

Here we consider the bosonic background and put the fermionic fields to be 
zero. We now investigate the case that 

f{<j>) = e* m) = a<j>) . (66) 

Substituting the classical black hole solution which appeared in the original 
CGHS model § 

p = -Im(l + ^— + >) , (67) 

= 4 in (f +eA(a+ ~ CT ~ • (68) 

(Here M is the mass of the black hole and we used asymptotic flat coordi- 
nates.) and using eq.([30|), we find 

Tl_ = ^(A + Aa + a 2 )- ^ 



iVA 2 . 1 NX 2 a 2 

1 + a) 



10 7 (1 + M e \(*--*+)^ 64 
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^ A > + t ± (a ± ). (69) 



16 fa _j_ M e A( CT -- CT +) 



Then when cr + — > +oo, the energy momentum tensor behaves as 

Tl_ - 0, 

T^ ± - ^a 2 + t ± (a ± ). (70) 

In order to evaluate t ± (a ± ), we impose a boundary condition that there is 
no incoming energy. This condition requires that T+ + should vanish at the 
past null infinity (<r~ — > — oo) and if we assume t~(a~) is black hole mass 
independent, Tl_ also should vanish at the past horizon (cr + — > — oo) after 
taking M — > limit. Then we find 

«"(0 = 7^ ( 71 ) 



and one obtains 



(72) 



at the future null infinity (cr + — > +oo). Eqs.([7D|) and ( [72] ) might tell that 
there is no Hawking radiation in the dilatonic supergravity model under 
discussion when quantum back-reaction of matter supermultiplet in large- 
iV approach is taken into account. (That indicates that above black hole 
is extremal one). This might be the result of the positive energy theorem 
17] . If Hawking radiation is positive and mass independent, the energy of the 
system becomes unbounded below. On the other hand, the negative radiation 
cannot be accepted physically. Of course, this result may be changed in next 
order of large- N approximation or in other models of dilatonic supergravity. 
From another side since we work in strong coupling regime it could be that 
new methods to study Hawking radiation should be developed. 
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5 Discussion 



In summary, we studied 2d dilatonic supergravity with dilaton coupled mat- 
ter and dilaton supermultiplets. Some results of this work have been shortly 
reported in fl8| . Trace anomaly and induced effective action for matter su- 



permultiplet as well as large- N effective action for dilatonic supergravity are 
calculated. Using these results one can estimate matter quantum corrections 
in the study of black holes and their properties like Hawking radiation. Such 
study is presented on the example of supersymmetric CGHS model which 
corresponds to specific choice of generalized dilatonic couplings in the initial 
theory. Similarly, one can investigate quantum spherical collapse for different 
4d or higher-dimensional supergravities using 2d models. 

It is interesting to note that there are following directions to generalize our 
work. First of all, one can consider extended 2d supergravities with dilaton 
coupled matter. General structure of trace anomaly and effective action will 
be the same. Second, one can consider other types of black hole solutions in 
the model under discussion with arbitrary dilaton couplings. Unfortunately, 
since such models are not exactly solvable one should usually apply numerical 
methods for study of black holes and their properties. Third, it could be 
important to discuss the well-known C-theorem for dilaton dependent trace 
anomaly. We hope to investigate some of these questions in near future. 
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